Mach-Zehnder interferometer, a powerful tool for a wide variety of measurements, has been realized with Bose-Einstein condensates in recent experiments. In this report, we propose and analyze a realizable scheme for performing a Heisenberg-limited Mach-Zehnder interferometry with dipolar spin-1 condensate. Based upon adiabatic processes of sweeping the transverse magnetic field, we demonstrate a perfect phase transition, which accomplishes the beam splitter, phase shifter and recombiner as for a Mach-Zehnder interferometer. The attractive dipolar interaction ensures the existence of a path-entangled state which enhances the phase measurement precision to the Heisenberg limit. We also discuss the spin-1 squeezing induced in the adiabatic passage and show that the squeezing parameter attains its minimal value near the point of saturation field.
Quantum interference, one of the most fundamental and challenging principles in quantum mechanics, has attracted continuous attention in both theoretical and experimental studies [1] [2] [3] . It has been shown that quantum interference could be used to implement high-precision measurement, quantum information processing, etc. A basic device capable of performing quantum interferometry is the Mach-Zehnder (MZ) interferometer, which has two beam splitters for splitting the input states and recombining the output states, respectively. A parameter φ that defined as the phase difference between the two beam splitters can be induced. For the conventional Mach-Zehnder interferometry via unentangled states, the quantum measurement can only reach the standard quantum limit or the shot noise limit, proportional to 1/ √ N , where N is the particle number [4] . By contrast, the measurement precision can be enhanced to the Heisenberg limit via entangled states [5] [6] [7] [8] [9] [10] [11] [12] [13] . An excellent candidate is the maximally entangled state (|N a |0 b + |0 a |N b )/ √ 2, which is called N-body GHZ state, or the so-called NOON state in quantum optics with an equalprobability superposition of all N particles in one of the two different paths. The use of entangled ions for high precision metrology have been studied both theoretically and experimentally [14] [15] [16] .
On the other hand, the experimental realization of Bose-Einstein condensates (BECs) provides an ideal platform to simulate quantum interferometry owing to their macroscopic coherence properties [17] [18] [19] [20] [21] . Since the first observation of BEC interference in the experiment [17] , various BEC interferometers have been developed in the past few years. Recently, BEC interferences were performed by using Bragg beams in ballistic expansion with atoms freely propagating in a guide [18] . Splitting a single trapped BEC into two separated clouds in a double well potentials, the quantum coherence and interference were observed using ballistic expansion after switching off the trapping potential [22] [23] [24] [25] [26] . In contrast to the schemes of photons and trapped ions which are subject to limited numbers of ions or the requirement for individual addressing [14] [15] [16] . The possibility of performing a Heisenberg-limited MZ interferometry has been demonstrated with an ensemble of thousands of atoms in BECs [27] [28] [29] [30] [31] .
In this work, we propose and analyze a realizable scheme for performing a Heisenberg-limited Mach-Zehnder interferometry in spin-1 condensate with dipolar interaction. The system of the dipolar spin-1 condensate is described by a uniaxial magnetic model with ferromagnetic (FM) interaction and magnetic field, which has been used to simulate quantum magnetism and quantum phase transition via modifying the trapping geometry [32] [33] [34] [35] . In our scheme, the system starts from a paramagnetic state dominated by a transverse magnetic field H x . We first adiabatically decrease H x to realize the beam splitter and phase shifter. Then, the beam recombination is achieved by increasing H x from 0 to a large value adiabatically, which is the inverse process of the splitting. The adiabatic processes in our scheme perfectly connect the limit of transverse field H x . Therefore, a pure GHZ state can be prepared adiabatically, which enhances the phase measurement precision to the Heisenberg limit. Meanwhile, the phase shift can be extracted by measuring the population in the ground state and excited state by adiabatically increasing the transverse field H x to a large value in the recombining process. We also discuss spin squeezing of the state generated in the adiabatic process and show that the squeezing parameter attains its minimal value near the point of saturation field.
Results where e = (r − r ′ )/ |r − r ′ | is a unit vector, and
is the dipolar interaction parameter with µ 0 being the vacuum magnetic permeability. The total Hamiltonian is then given by H = H 0 + H dd . For both the 87 Rb and 23 Na atoms, we have |c 2 | ≪ c 0 and c d 0.1|c 2 |. Under these conditions, the single mode approximation, which describes the atoms in different spin states with the same wave function φ(r), is expected to be valid, and then the field operator can be decomposed as [35] [36] [37] 
whereâ α is the annihilation operator of spin component α. Under the single mode approximation, the Hamiltonian of the system (with constant terms dropped) can be remarkably reduced to [35] 
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with θ e being the polar and azimuthal angles of (r − r ′ ). The sign of c 
where c = c
The ground state of the system sensitively depends on the parameters c and H. For the transverse magnetic field H x /|c| ≫ 1, the ground state |Ψ G is a spin coherent state |N, N x . In the limit of weak transverse magnetic field H x /|c| ≪ 1, the ground state relies on c. If c > 0 and H x → 0, the ground state approaches to |N, 0 for even N . If c < 0, the ground state |Ψ G and the first excited state |Ψ E become degenerate in the limit of H x → 0. In such a limit, the ground state and the first excited state are the lowest spin state |N, N and the highest spin state |N, −N , respectively. Beside the magnetic field along the x-axis, if we also consider a non-zero longitudinal magnetic field (i.e., H z = 0), the degeneracy between |Ψ G and |Ψ E will be destroyed. In Fig. 1 , we plot the energy spectra and the classical picture of the spin orientation for different magnetic fields. As shown in Fig. 1 (a) , when the transverse field H x reduces to zero, the energy of the ground and first excited states become degenerate. In the limit of large particle numbers N ≫ 1, the energy of the Hamiltonian (7) becomes E(ϑ) = 3cN 2 cos 2 ϑ − HN sin ϑ, where ϑ is the polar angle of L. Minimizing the energy with respect to ϑ yields the optimal value for ϑ = π/2 when H x ≫ |c|, and ϑ = 0 or π when H x = 0. The critical field strength is given by H c x = −6N c [33] . As shown in Fig. 1 (b) -(d), when H < H c x , the ground state is doubly degenerate, while if H > H c x , the two degenerate states collapse into one and the system is fully polarized by the transverse field. Now we propose a full Mach-Zehnder interferometer in the dipolar spin-1 condensate with c < 0. Our interferometric scheme relies on the coherent splitting and recombination of the BEC in the tunable magnetic field. In the top of Fig. 2 , we show the schematic of Mach-Zehnder interferometer. The system is initialized with strong transverse field. Then the ground state and first excited state can be considered as two paths of an interferometer, which accomplishes the beam splitting. With a weak longitudinal magnetic field, a phase shift between the two arms is imprinted by slowly decreasing H x from H x ≫ |c| to zero. Finally, the recombination is achieved by conversely increasing H x from zero to H x ≫ |c|. The energy curves for the three different transverse field limits, shown in the bottom of Fig. 2 , correspond to processes of the preparation, splitting, and recombining, respectively. In what follows, we present the details of the scheme. Splitter and phase shifter. Initially, the ground state is prepared in the strong transverse magnetic field (H (i) x ≫ |c|) and then the transverse magnetic field is linearly swept at a constant rate, i.e., H x (t) = H (i)
x − vt for t 0. In Fig. 3 (a) , we plot the overlap (the so-called fidelity
between the maximally spin entangled GHZ state and the generated state as a function of the time dependent magnetic field H x . It is clearly observed that the fidelity F G between the generated and GHZ states reaches its maximum (F G = 1) as H x → 0. This implies that a path-entangled state (|N, N + |N, −N )/ √ 2 can be created in the limit of H x → 0. Thus, the beam splitter in the first process also provides a route to produce a kind of macroscopic entangled state.
In the process above, if we additionally apply a weak longitudinal magnetic field H z , Landau-Zener tunneling will be induced. In a recent experiment of superconducting flux qubit, the Mach-Zehnder interferometry has been demonstrated by utilizing Landau-Zener tunneling as a beam splitter [3] . In the present scheme, one can instead obtain a path-entangled state |Φ(φ) GHZ = (|N, N + e iφ |N, −N )/ √ 2 with certain phase shift. This can be concluded from Fig. 3(b) , where the fidelity F G and the maximal fidelity F max Φ = max(| Ψ(t) |Φ(φ) GHZ | 2 ) are plotted as functions of H x with φ ranging from 0 to π. It is displayed that the fidelity F G < 1 while the maximal fidelity F max Φ ≃ 1 in the limit of H x → 0, which indicates that the presence of the longitudinal magnetic field imprints a phase shift between the spin states |N, N and |N, −N . It is worth noting that the strength of the longitudinal magnetic field H z should be weak so as to achieve the desired high fidelity. To illustrate this fact, the maximal fidelity
is plotted as a function of H z in Fig. 3(c) . It is demonstrated that one can obtain the path-entangled state (|N, N + e iφ |N, −N )/ √ 2 with the fidelity more than 0.98 by controlling the longitudinal magnetic field H z to be weak enough. Moreover, to explore the exact dependence of the phase shift φ on the weak longitudinal magnetic field H z , in Fig. 3 (d) , we plot the phase shift φ as a function of magnetic field H z in the limit of H x → 0. It can be seen that the phase shift φ exhibits a linear relation to the weak longitudinal magnetic filed H z . Based on such a result, the information of the phase shift may be extracted if we have the knowledge of H z , and vice versa.
Recombiner. To extract the phase shift φ between the two different spin states, one has to transform the phase information into the amplitude information of specific observable for the final state. For our scheme, we may accomplish this procedure in the recombination process and monitor the populations in the two output paths. The beam recombination can be achieved by a Landau-Zener tunneling as to adiabatically increase H x from H x → 0 to H x ≫ |c|, which is the inverse process of splitting. Finally, with the strong transverse magnetic field H x , one can measure the populations of spin components 0 and ±1 in the ground and the first excited states, which will show interference behaviors and relate to the phase shift φ. For example, by inversely increasing the transverse field H x from 0 to 10 and removing the longitudinal magnetic field H z , we examine the fidelities of the final state |Ψ(H x = 10) to the ground state |Ψ G and to the first excited state |Ψ E after the beam recombination process. In ideal case, we find that
, respectively. It can be concluded that all of the particles will occupy the ground state if φ = 2nπ or will stay in the first excited state if φ = (2n + 1)π with n an integer.
In Fig. 4 , we plot the fidelities F 0 and F 1 as a function of φ, which shows a perfect behavior of Mach-Zehnder interference. Here, we note that the state generated in the process of first beam splitting may not exactly be the phase-shifted GHZ state |Φ(φ) GHZ = (|N, N +e iφ |N, −N )/ √ 2 (see Fig. 3(c) ). For comparison, we also demonstrate the result of the fidelities F ′ 0 and F ′ 1 by assuming that the initial state for the recombing process is |Φ(φ) GHZ . The numerical results states that when φ > π, in which region the maximum fidelity F max Φ > 0.983 (see Fig. 3(d) ), the fidelities F ′ 0 and F ′ 1 for the initial state phase-shifted GHZ state |Φ(φ) GHZ agree well with that for the initial state generated in the process of beam splitting and phase shift. Thus, the phase shift can be extracted by measuring the populations for the ground state |Ψ G and the first excited state |Ψ E after the beam recombination process.
The scheme shall be experimentally realizable with current technologies due to its advantages. First, the system always remains in the minimal energy state throughout the whole process, making it immune to the spontaneous emission induced decoherence existing in the electronically excited states. Moreover, this scheme does not rely on a precise knowledge of system parameters such as particle numbers and interaction strengths.
Spin squeezing. Finally, we would like to discuss the generation of spin-1 squeezing with the scheme above. Spin squeezing, which has potential applications in quantum physics such as atom interferometers, high precision atom clocks and quantum information, is quantified by the following parameter [38, 39] 
The subscript n ⊥ refers to an arbitrary axis perpendicular to the mean spin S. The inequality ξ 2 < 1 indicates the state is spin squeezed. For the GHZ state, since S x,y,z = 0, which means that the mean spin vanishes and then the spin squeezing parameter ξ 2 has no specific definition. However, the spin squeezing can be induced in the process of beam splitting and phase shift. In addition, a phase transition will occur as the transverse magnetic field sweeps from H x ≫ |c| to H x → 0, and the corresponding spin squeezing for the ground state exhibits a sharp transition phenomenon. In Fig. 5 , the spin squeezing ξ 2 is plotted as a function of time dependent H x . It is shown that ξ 2 attains a minimal value near the position H x ≈ H c x , indicating a maximal spin squeezing. The above result indicates that the splitting process can also generate spin squeezing. The fact that critical points are correlated with the extremum values of spin squeezing is not a coincidence. Quantum entanglement and quantum correlation may also reach their extremum values near (or at) the critical points of quantum phase transitions in many spin systems [40] [41] [42] . However, a full understanding of spin-1 squeezing in an adiabatic process is still lack. With the tunability of dipolar interaction strength and magnetic field, the dipolar spinor condensate appears to be an ideal system to generate spin-1 squeezing.
Discussion
In conclusion, we have presented a simple and realizable scheme for performing Heisenberg-limited MZ interferometry in the dipolar spin-1 condensate. The beam splitter, phase shifter and beam recombiner are achieved by adiabatically sweeping the transverse magnetic field. In the beam splitting process, the transverse field adiabatically reduces to zero and the system generate a GHZ state. A phase shift can be generated with a nonzero longitudinal field H z . In the recombining process, the phase shift can be extracted by measuring the population in the ground state and the first excited state with the transverse field H x adiabatically increasing to H x ≫ |c|. We also investigate the generation of spin-1 squeezing in the process of beam splitting and phase shift and show that the squeezing attains a minimum value near the point of saturation field.
Methods To calculate the rescaled collisional and dipolar interaction strengths c 
with κ = q r /q z and H(κ) = tanh [33, 35] . Therefore, we have c ≡ c 1) . In Fig. 6 , we plot the parameter χ(κ) of dipolar interaction as a function of the trapping geometry κ. It can be seen that the value of χ(κ) can be tuned from −1 to 2 by changing the trapping geometry parameter κ from 0.1 to 10. When κ < 1, the dipolar interaction is attractive, and if κ > 1, the dipolar interaction is repulsive. The dipolar interaction disappears when κ = 1.
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